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Abstract 

We add to Galilean symmetries the transformations describing con- 
stant accelerations. The corresponding extended Galilean algebra al- 
lows, in any dimension D = d + 1, the introduction of one central 
charge c while in D = 2 + 1 we can have three such charges: c, 9 
and 9'. We present nonrelativistic classical mechanics models, with 
higher order time derivatives and show that they give dynamical re- 
alizations of our algebras. The presence of central charge c requires 
the acceleration square Lagrangian term. We show that the general 
Lagrangian with three central charges can be reinterpreted as describ- 
ing an exotic planar particle coupled to a dynamical electric and a 
constant magnetic field. 
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1 Introduction 



In our recent paper [T] we studied conformal extensions of Galilean symme- 
tries in D = 2 + 1 dimensions. Our extension was performed by the addition 
of four generators: 

i) two generators - dilation D and expansion K - extending the Galilean 
algebra to the Schrodinger algebra [2-4] 

ii) two new generators Fj, {i = 1,2) describing constant accelerations. 

It is easy to see that such an extension can be made for any nonrela- 
tivistic dimension d; in fact, it can be obtained as a nonrelativistic c ^ oo 
limit of the relativistic D-dimensional {D = d + 1) conformal algebra de- 
scribed by the Lie algebra 2)0. In such a derivation the generators Fi 
{i = l...d) are provided by the nonrelativistic limits of space components of 
special conformal generators and describe, in a nonrelativistic theory, con- 
stant accelerations. Thus, such acceleration-extended Galilean symmetries, 
in d spacial dimensions, are described by ^d{d—l) + 3d+l generators, namely 



• Jij = —Jji (space rotations aij) 

• Pi (space translations a^) 

• Ki (constant velocity motions, or Galilean boosts Vi) 

• Fi (constant acceleration motions, or Galilean accelerations bi) 

• H (time translations t' = t + a). 

These symmetries taken in their infinitesimal form can be realised in nonrel- 
ativistic space-time as 



The acceleration-extended Galilean algebra has the following nonvanish- 
ing commutators: 



{i = l...d) 



6xi = —Stti — 6vit — Sbit'^ + SaijXj, 



(1) 



6t 



6a. 






(2) 



^In [T] such a limit was mentioned for Z? = 2 + 1 
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[H, F,] = (3) 

The aim of this paper is to study central extensions of the algebra ([2]-3) 
and its dynamical representations. 

First we recall that the standard Galilean algebra (relations ([2]) for Jj^, Pj, Ki 
and H) has two central extensions: 

i) For arbitrary D one can introduce one central extension [S] 

[F„ K,] = m5i,, (4) 

where m describes the nonrelativistic mass parameter. 

ii) In D = 2 + 1 we can introduce a second charge 9, called exotic [6], [7] 

[K,, Kj] = 9eij, (5) 

which can be related to the noncommutativity of the space components of 
the nonrelativistic D = 2 + 1 space-time [8]. 

A dynamical realisation of the D = 2 + 1 exotic algebra can be deduced 
from the following nonrelativistic model [S] 

L = —mx^ — —eijXiXj. (6) 

One can show by considering the Jacobi identity for the three generators 
H,P,,Fj and using (3), (4) (0 = [H,[P,,F,]] + [PAFj,H]] + [F,,[i7,P,]] = 
—2[Pi, Kj] = —2m6ij) that in acceleration - extended Galilei algebra we must 
put m = 0. In such a case one arrives at the following central extensions 

• For arbitrary D one can introduce a single central extension 

[K,, F,] = 2c5,,. (7) 

• In D = (2 + 1), in addition to relations (j5]) and ([7j) one can have a third 
central charge 

[F„ F,] = e'e,,. (8) 
The algebraic consistency requires also that 

[P.,P,] = -2^e.,. (9) 

The paper is organised as follows. In the next section we consider a dy- 
namical model in any dimension D with the Lagrangian being given by the 
square of the accelerations of the particle and the Noether charges satisfying 
([7j). In Section 3 we discuss those properties of the acceleration-extended 
D = 2 + 1 Galilean algebra which are model independent, ie have a purely 
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algebraic origin. We consider the enveloping algebra U{g0) with one central 
charge 9 (see (5) and (9)) and we show that the symmetry algebras with three 
central charges can be embedded in U{gg). We also present the Casimirs in 
the presence of central charges and discuss the possible enlargements of the 
symmetry algebra. A particular case here is the extension of the Galilean 
conformal algebra by the addition of two further generators D and K. We 
find that when all three central parameters {9, 9' and c) are nonzero, the 
commutators in the Galilean conformal algebra involving the generators D 
and K are deformed. In Section 4 we introduce D = 2 + 1 Lagrangian models 
which realize this three-fold centrally extended symmetry algebra. In partic- 
ular, in Section 4.3, we show that the general planar model with three central 
charges can be reinterpreted as describing the motion of a planar noncom- 
mutative particle interacting with dynamic electric and constant magnetic 
fields. Section 5 contains some concluding remarks. 



2 An acceleration square Lagrangian and a 
new central charge c (arbitrary D = d+1) 

The nonrelativistic kinetic term which is quasi-invariant under the accelera- 
tion extended Galilei symmetry (1) has the form (x^ = XjXj; i = 1, ..d) 

•■2 

L = ^. (10) 

Indeed, performing the transformation (1) one obtains 

5L = -2c6biXi = j^{-2c5hiXi). (11) 



Introducing Xji — Xi clS QbW independent coordinate the Lagrangian (llOll can 
be put into the following equivalent first order form 

L = p,{xi - Vi) + qiVi - ^ql (12) 

Using the Faddeev-Jackiw procedure [9]- [10] we obtain the following nonva- 
nishing Poisson brackets 

{xi, pj} = 5ij, {yu Qj} = 6ij. (13) 

The acceleration-extended Galilean transformations of the additional vari- 
ables {pi,yi,qi), which are consistent with the field equations 

yi = Xi, Pi = 0, (14) 
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take the form 



1 

-Qi, Qi + Pi 
c 



6 Pi = doijPj 



5yi = -5vi - 2t6bi -qi + ^aijUj, (15) 

6qi = -2c5bi + 5api + Saijqj 



Sxi = —Stti — tSvi — 5hi + SuijXj — UiSa. (16) 



and also 



We note that the variation fll5H16l) imphes that the Lagrangian is quasi- 
invariant ^ 

6L = —{SapiHi -2c6biyi). (17) 

The transformations fll5H16p are generated by the Poisson brackets (fT3!) 
in the standard wa}0 by the following realization of the generators of the 
acceleration extended algebra with one central charge c (see (7)): 

P^ = Pi, H = p,yi + ^^ql (18) 

Jij = I i^iPj] + ym) ' (19) 

Ki = qi + Pit, Fi = -2cyi + 2tqi + fpi , (20) 

where the second term in the energy generator H is consistent with Souriau 
general theorem on the barycentric decomposition of nonrelativistic systems 
in phase space [11,12]. It is easy to check, using (13), that (7) is satisfied. 
In quantum theory the quantized Poisson brackets (fT3l) take the form 



[Xi, pj] = ihSij, [iji, qj] = ihSij (21) 

and can be realised in the standard way on the wave functions \£'(xi, yj) via 
the Schrodinger representation: 

H d H d 

Xi = Xi, Pi = - — , i/i = yi, qi = - — . (22) 
I oxi % oyi 

The Schrodinger equation, in the first quantized theory, corresponding to the 
Lagrangian (fTOl) and the Hamiltonian (fT8|) takes the form 

h^_d__d_ ^ h _d_\ ^ _ 

2cdyidyi i dxi J 



•^The variation of the phase space variables 11- , generated by Gr, is given by SY^ = 
Sar{Gr,Yi} {ar - symmetry parameters). 
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3 Properties and Enlargements of the D = 
2+1 acceleration-extended Galilean algebra 



The space of dimension (i = 2 is special due to the existence of an antisym- 
metric covariant constant tensor e^j = ^ ^ ^ ^ . If , for (i = 2, we extend 

the Gahlei algebra by adding to it two generators Fj, describing constant ac- 
celeration motions, due to the existence of the tensor ejj, we can introduce, 
through relations (jSD and ([H]) two independent central charges 6 and 6' . In 
the general case, for d = 2, we can introduce three central charges: 6, 9' and 
c. 



3.1 How do we go from one central charge to three 

Let us observe that the status of all three central charges is not the same. 
To see this we introduce the universal enveloping algebra U{gg), where gg 
denotes the acceleration-extended Galilei algebra with only one central charge 
6. Then we observe that the following modification of the relations 

[K,, F,] = 0, ^ [Kl, F;] = 2c6,, (24) 

[F„ F,] = 0, [Fi, f;] = 

can be achieved by the linear change of basis inside the enveloping algebra 
U{ge) I 

F[= F, + le.,K, + - 'j)P.. (25) 

It can be checked that under this transformation all Lie algebra relations 
of gg besides f l2^ remain unchanged. Thus we see that the two acceleration 
extended Galilean algebra with a one parameter central extension (by the pa- 
rameter 6) and the algebra with three central extension parameters {9, c, 9') 
have the same enveloping algebras. We can recall here the well known anal- 
ogy: in D = 2 + 1 spacetime the exotic Galilean algebra with two central 
charges {m,9) can be obtained through the transformation ^13i|.[8] 

Kl = K,- ^e,,P, (26) 

where Ki and Pi belong to the standard Galilean algebra with one central 
charge m: 

[K,, Kj] = [P„ P,] = 0, [K,, P,] = t6,,m. (27) 
■^Remaining generators Pi, H, J, stay unchanged. 
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Indeed, the generators {K-, P/ = Pj) in D = 2 + 1 lead to the appearance of 
an 'exotic' central charge 

[Ki K'^] = it,,e, [Pi P'^ = 0, [Ki P'^ = i5,,m, (28) 

which was recently reinterpreted as generating noncommutativity of the d = 
2 space coordinates [8j.[14j. 

3.2 Casimirs 

go has two Casimirs: 

Ch = H-le,,K,P, (29) 

and Cj = J - j^{F,Pi - Kf). 

The Casimirs for the case of three central charges 9, 6' and c can be easily 
obtained from (|29l) by the transformation (1251) with the result 

C'h= H -\ e,,K[P, + ^P^ (30) 

and C'j= J - ^(i^'F. - Ki') - - ^,Pf. 

3.3 Enlargement by an 0(2, 1) algebra 
We may add to go two further generators 

^± = ^ {Kl - F^P^) , (31) 

where K± = Ki± iK2 etc. For Cj = they form together with J an 0(2, 1) 
algebra 

[Js, J±] = [J+, J_] = 2i,h, (32) 

where J3 = The remaining nonvanishing commutators of J± describe the 
0(2, 1) covariance of any two- vector Ai G (Pi, -ftTj, Pj) 

[J+, A.] = -iA+, [J_, A+] = lA.. (33) 

In the Lagrangian model discussed in [1] we had Oj = and so this model 
provided a realization of this 0(2, 1) algebra. 
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3.4 Extension to D = 2 + 1 conformal Galilean algebra 
and central charges 

To obtain the Gahlean conformal algebra [T] one has to add to the acceleration- 
extended Galilean algebra ([2}|3]) two further generators: dilatation D and ex- 
pansion which together with the Hamiltonian, form an 0(2, 1) subalgebra 

[D, H] = -2H, [D, K] = 2K, [H, K] = D. (34) 

The generators D and K are scalar^ 

[D, J] = [K, J] = (35) 

and, in addition, they satisfy 

[D, P,] = -P„ [D, K,] = 0, [D, F,] = Fi, 

[K, P,] = [K, K,] = -F„ [K, F,] = 0. (36) 

It is easy to argue that the Galilean conformal algebra does not permit the 
central extensions with parameters c and 6'. Indeed, if we observe that from 
f l3Hl36|) we get the following mass dimensions of the generators 



[H] = M\ [D] = M°, [K] = M-^ [J] = M° (37) 
we obtain from ([7]) and ([H]) that 

[9] = M\ [c] = M-\ [9'] = M-\ (38) 



We see from (138|) that the constants c and 9' break the scale and conformal 
invariance. In fact, if we supplement the transformation (125|) by the relations 
D' = D and K' = K we get from the generators of the acceleration-extended 
Galilean algebra gg with one nonvanishing central charge the following de- 
formation of the conformal Galilean algebr£0 

[K', P:] = -2K[ + f e.,P,' 

IX' F'l = --e- F' - ^—K' + — ( — - -\ e -P- 

[K\ K[] = -FI + ±[^- 9') PI (39) 



We recall that in c? = 2 Jy = J. 
We only list the modified relations. 
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The parameters c and 9' cease to be central charges and take the role of de- 
formation parameters (see eg [12] ) . The deformed conformal Galilean algebra 
with the generators (P/, A'-, F/, J', H' ^ D') and the three parameters [9, c and 
9') can be treated as a particular choice of basis in the enveloping conformal 
Galilean algebra U{ge) with one central charge. 

4 Dynamical planar models realizing the ac- 
celeration extended Galilean symmetry with 
three central charges 

In this section we introduce and discuss D = 2 + 1 nonrelativistic bilinear La- 
grangian models which possess the acceleration-extended Galilean symmetry 
with three central charges 9' and c). 



4.1 Higher-order derivative model 



The most general D = 2 + 1 Lagrangian which is bilinear in the time deriva- 
tives of the coordinates Xi and is quasi-invariant under transformations ([1]) 
has the form: 



L — ——€ijXiXj + —Xj — —EijXiXj. 



(40) 



The model consisting only of the first term in (l40l) {i.e. with ^ 7^ 0, ^' = c = 
0) was considered in detail in [1]. 

The extended Galilean transformations ([I]) provide the following variation 
of the Lagrangian fHOj) : 



dt 



9 . 



2xj) 



9[ ..' 



(41) 

The invariance only modulo total derivative (quasi-invariance) implies the 
existence of central charges defined by the relations and ([312]) • 

In the first order formalism the Lagrangian fHU]) then takes the form 

L = Pi{xi-yi) + qiiiji-Ui) - ^eijUiiij - ^eijViyj + (42) 

The Euler-Lagrange equations (EOM) which follow from the Lagrangian 
^ are 



Pi + Qi + 9eijyj = 0, 





4 



Pi 



, Ui-TJi -- 
CUi 



0, 



(43) 



0. 
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Using the Faddeev-Jackiw procedure [S]-[in] we obtain the following non- 
vanishing Poisson brackets: 



{xi, pj} = Sij, {vi, Qj} = 6ij, (44) 
Ui, Qj} = -Oeij, {u^, Uj} = 4-^. 

To calculate from the Lagrangian the Noether charges we consider 
the following acceleration extended Galilean transformations for a fixed but 
arbitrary value of the time parameter t, 

dxi = —Stti — 6vit — Sbit"^ + 5aeijXj, 
Si/i = —Svi — 2t6bi +SaeijXj, 

Sui = —2Sbi + daeijXj, (45) 

§Pi = 29eij6bj + 6aeijPj, 

Sqi = —2cSbi + SaeijQj. 

These transformations leave the EOM fH51) invariant. The generators 
which provide the transformations are obtained by the Noether theorem 
and are given by 

Pi = Pi, 

Ki = Pit + Qi + OeijUj, 

F, = -p,e + 2Kit - 2eeijXj - 2cyi + f Q^n^, (46) 
J eijXiPj -\- eijUiQj "g"^ 

4.2 Transmutation into a planar model with electro- 
magnetic interaction 

Note that if we consider the velocities t/i as the particle coordinates Xi then 
the model introduced in Section 4.1 would describe the interaction of noncom- 
mutative planar exotic particles with dynamical electric fields and a constant 
magnetic field (see ^17j, [18j). 

Let us perform the substitution: 

Pi ^ Eii -^i ^ ^i) Ui ^ -^ii Qi ^ Pii ^i ^ "^ii 

e -B, c-^m, and 9' -AOm^ . (47) 
Applying the substitution (147|) into the Lagrangian (42) we obtain 



L = EiXi + EiT^i + Pi{X,-Yi] 



9w? • B • m o , s 
+ -^e,,Y,Y, + -e.,X,X, + -Y\ (48) 
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This is the Lagrangian of the higher-order derivative model introduced in 
[8J supplemented by the standard electromagnetic interaction with dynamical 
electric field Ei and a constant magnetic field B and a kinetic term Eiiii 
added for the additional phase space variables Ei and tTj. In [T7j, [18] it was 
shown that such electromagnetic couplings of planar particle models lead 
to the electromagnetic enlargement of the Galilei symmetry with additional 
generators given by the electric field E^ and with three central charges (m, 9 
and B). It can be checked that the Lagrangian (HHj) is quasi-invariant under 
the electromagnetically enlarged D = (2+1) Galilei group with the symmetry 
algebra which is isomorphic to the acceleration-extended Galilei algebra with 
three central charges (9, 9', cj^. 

Concluding we see that our massless planar higher order Lagrangian 
model (40) is clasically equivalent to the Lagrangian for a massive exotic 
planar point particle interacting with dynamical electric and constant mag- 
netic fields. 

5 Final Remarks 

• We would hke to add that the extension of the equivalent coordinate 
frames to the ones with various constant accelerations may have possi- 
bly a physical application based on recent developments in astrophysics. 
If in accordance with recent measurements (see e.g. [I8j-[20j) the uni- 
verse expands with increasing velocity and approximately constant ac- 
celeration the coordinate frames extended by constant acceleration mo- 
tions may be useful in its description 

• Note that the Lagrangians invariant under acceleration-extended Galilean 
symmetries contain higher derivatives. Although such Lagrangians 
have been discussed in literature (see eg |2T], j22j) their physical mean- 
ing is still unclear. We would hke, however, to point out that following 
our discussion in Section 4.2 these models might have a meaning in the 
framework of classical mechanics for exotic particles in D = (2 + 1) 
dimensions. 

• Analogously to the model introduced by us in [8J (cp. also [23]) one 
can introduce for our model (HOj) the phase space decomposition into 
"external" and "internal" dynamics. This decomposition can be un- 
derstood as a generalization of the Galilean-invariant decomposition of 
phase space into the center of mass and relative motion in standard clas- 
sical mechanics. We plan to treat this method in a general framework 

^In formulae (56-57) we assume that the eletromagnetic couphng constant e — 1. 
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and discuss the solutions of the present model and the interpretation 
of "internal" dynamics for the model with higher time derivatives in a 
forthcoming publication. 
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